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INTRODUCTORY NOTE.

THE following pages were left in sheets by the late Dr. MATTESON at his
death, which occurred on Dec. 15, 1876. Had he lived, he would undoubtedly
have added many pages of interesting problems and solutions to the existing
number. ]

Having recently purchased from the guardian of the heirs the entire edition,
consisting of only a few hundred copies, I decided to issue it with the addition
of cover, title-page, and this note.

The authorship of the solutions, as near as can now be ascertained, is given
below. A considerable portion of this information has been furnished by Mr.
REUBEN DAVIs, Sr., of Clifton, Kansas, one of the most ingenious of living
¢« Diophantists,” who rendered valuable assistance to Dr. MATTESON in the
compilation of the work.

The solutions of Problems 1 and 4 are by the late AB1san Mc LEAN, Esq.,
of New Lisbon, Ohio, who was very skillful in handling Diophantine Problems
of great difficulty.

The solutions of Problems 5, 7, 9, 22 and 24 (except the last two paragraphs
of the solution of 22 which are by Mr. Davis) are from the pen of the late
lamented Dr. DAvID SHERMAN HART, of Stonington, Conn., who was one of
the ablest, if not the ablest, of the Diophantine writers of his time.

Dr. HART also rendered efficient aid to the compiler in the revision of many
difficult solutions.

"The solutions of Problems 6, 8 and 12 (except the last two paragraphs of
the solution of 12 which are by Mr. Davis) are by Dr. MATTESON.

The other solutions are mostly the work of Mr. DAvis, with some slight
modifications by Dr. MATTESON. ‘

The following errors have been noted by Dr. HART, Mr. DAvis, and the
writer :

Page 4, line 3 from the bottom, for <“because y is odd” read because z is odd.

Page 7, line 23 from bottom, for ‘‘three squares sought” read three equi-
different numbers from which are obtained the three squares sought.

Page 8, line 1, for ¢ of the natural series” read in the natural series.

Page 8, line 2 from bottom, for <“nad” read and.

Page 9, where ¢“of the natural series” oceurs, read in the natural series.

Page 11, line 13, for <13 = 32+12” read 13 = 32+ 22,

Page 14, formula (14) should be

\
o= [( - ab+ac+be)2 — 4abc?)?
~ 8abe( — ab + ac+be)(ab — ac+be)(ab + ac - be)’
and to preserve the sign of # unchanged in (14) as well as in (15), the relations
between a, b, ¢, must be such that the sum of any two exceeds the other.
Page 15, line 3, right-hand member of equation, for < - b%2” read — 3b2c2.

ARTEMAS MARTIN.

Washington, D. C., July 2, 1888.
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Diophantine Problem,

It is required to find four affirmative integer numbers, such that

the sum of every two of them shall be a cube.
SOLUTIoOX.

f we assume the first=4(z*}3*—2"), the second=(«*—y*-2*),
the thirde=4(—a*+1*-+2*), and the fourth==0*—%(@*4y*— ) ; then,
the first added to the second==2%, the first added to the third=y,
the second added to third=2=, and the first added to the fourth=2%

Thus four of the six required conditions are satisfied in the no-
tation. It remains, then, to make the second plus the fourth==
1} —ypf-P=—=cube, say=w?® and the third plus the fourth=v*—u*
#=cube, say=—u’. Transposing, we have to resolve the equalities
VD=t P’y and with values of z, ¥, 2, in such ratio,
that each two shall be greater than the third.

Let us first resolve, in general terms, the equality v*--2"==w’13°
Taking v=a-}+b, z==a—0b, w=c-}d, y=c—d, the equation, after
dividing by 2, becomes a(a*-+80%)=c(c*-L34%). Now assume
a==3np-+3mq, b=mp—3ng, c=3mwr--3ms, and d=—mr—38ns. Sub-
stituting these in the preceding equation, it becomes (3np--3mgq)
[(Bnp--3mg)*--8(mp—3nq)*]=(8nr--Bms) X [ (8nr--8ms)*-}-8(mr—
3ns)*]; or (B3np+-8mg)( p*+-8¢*)3(m*-8n*)=(3nr--8ms)(r*-3s*) X
3(m*+3n?); which, dividing by the common factors 3.3(m>--3mi?),
reduces to (np-+mq)(p*+-3¢H)=(nr-ms)(»*-8s%); or, np( p*+3¢)
+mqg( pP-F3¢Y)=nr(r*+3s%)-Fms(r?-4-3s%) ;
coomei s (88D —p( pP-8¢7) 1 g p*-89%)—s(r+-35%) 5 and, if
we take m==r(r*--3s)—p( p*+38¢?), then n=g¢( p*~-3¢*)—s(r’--3s?).
S a=3np—-8mg=(8r¢—3ps)(r*4-3s>),

b==mp—3ng=pr--34s)(r*--3sH)—( p*+34%)%
c=8nr~8ms=(8r¢g—3ps)( p*--3¢%), and
d=mr—=38ns=(7*--8s")*—( pr-+3¢s)( p*+3¢?), and, at once
v b==(8rg—3ps+-pr--3g8) ("8 —( p-+3¢"),
z=a—b=(8rq—38ps—pr—=3qs) (1~ 3s")--( p>1-3¢??
w=c-}-d=(8rqg—3ps—pr—3gs)( p*-+3¢*) -+ (124 35>,
y=c—d=(3rq—3ps+pr+3¢s)( p*~8¢")— ("85
We have thus arrived at general expressions for the values of v, 2,
w, y, such that o*--2P=u{y?=18(rq—ps)(r>-3s)( p>+3¢*) X
[ 438" —(2pr-+6s) (14380 ( p*+-3¢")+(p*+3¢°)"], as will ap-
pear from actual involution, dc.

But, to have the final answer in positive numbers, v must nearly
=3z, and w0 nearly==3y.

Taking p==6, g=14, r==7, and s=14; there results
v=48.49.14.13—48%13%=48.49.14—48%13=13.2976,
#=—49.49.12.134-48213%==—49.49.12-}-48%13=13.1140,
w=—=—49.48.12.13--49%13°=—49.48.12-{-49%13=18.2989,
y==48.48.14.13—49%132=48.48.14—40%13=—=13.10438.

Having now, (dividing by the common factor 13),
(2976)°-+(1140)°=(2989)>--(1043)*=—=27838714176==7°.8%4%.13.36183;
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it remains to find two other cubes, +* and 2, such that «*-}«*="7%.3%
4%.13.3613. This we shall accomplish, if we succeed in dividing
13.3613=(12-}-32%).(55%3.14%) into two cubes. Now, it is demon-
strable that when the sum of two cubes is of the form (a*356%)(
2-8d?) ; and the relation of the quantities is such that (a*-+35%)=—=
either 3d—e, or ¢c—3d, the cubes themselves will be
1(a*4-8b*-c+d)* and (a*+80*—c—d)?, for the sum of these cubes
equated to the assumed sum, is

H2(a*+80%)°--6(c-d)* (- 80%) |=(a*+ 887 (>3,

(a2 +-30)2+3(c-}-d)*=4(c*+3d?),

(8072 =c*—6¢cd+9d—(c—3d)*=(3d—c)
Wherefore, @?--80*—=c—3d, or, ==8d—c, as was to be shown.

In the example before us, a=1, 6=2, ¢=55, d=14, and a*--30*=
183=c—3d=55—38.14; then {(a*4-30*+}c+d)=41, and L(a*+3b*—
e—d)=——28, and (41)*—(28)°=138.3613; and, instead of the sum,
we have found the difference of two cubes=13.361:

But, Mathematicians have shown that

3 3 3 u 3
663—63:<a(231?)3 )> {f)@;’ 1 65 ; in which, taking a=41,
b=28, we immediately obtain

1081640%°  £341899}°
_*E +€,— =18.3613.

30291 30291
Multiplying, now, by the reserved cube factors, 7°.8%4°%, we find
30285920 9573172
10097 * M 10097
er ratio to insure positive numbers in the question under solution.
Thus, for v*2=—=w?4- /3—u3—]—x3, we have found
(301208:572()} +{(ZT0T Y =290y (1043 (207634 (140,
or, since v is odd, multiply by 10097 X2, for integers, and we have
v==60571840, =23021160, y=—=21062342, 2=—=19146344.
With these values, we at once obtain the following answer:
1(2P4-1P—2*)=2080918082956455142436,
1 (2P —-2%)=—=4937801347510680732948,
1(-~x°—{—f—}— #)—7262810476410016163052,
—1(aP 1P —)=214972108693241589340948.
Being four numbers as required, such, that the sum of every two
of them is a cube number; resulting in the six cubes, (191463442,
(21062342)%, (23021160)%, (60097344)", (60359866)%, and (60571840)".
This answer, it will be observed, is the same as that contained
in the Mathematical Miscellany, which was communicated by
. Wm. Lenhart, where it was found from an inspection of a Table
of Cube Numbers. Here, the given solution is independent of
Tables, and we believe the numbers found to be the least possible.
GES TR VATHED: With regard to the assumed numeral
values of p, ¢, », s, in this solution, we began with the smallest
integers, 0, inclusive, and soon found the numbers 6, 14, 7, 14, to
answer the purpose in hand, namely: to produce four cubes such,

u= o values that likewise have the prop-
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that »*2=w’}2% and which shall have the proper ratio to pro-
duce positive numbers in the answer. There are, however, an in-

definite number of values for p, ¢, , s, that will result in precisely

the same values of v, z, w0, ¥, when mduccd to the lowest terms.
In {act, any values of p, ¢, #, s, of the modulus

p=mp'-8nq’ 5 g=—np -Fmg’ 5 r=mr'-3ms’ ;) s==—nr'ms ;) will,

after dividing, result in the same values of v, 2, w, ¥, since m and

» thus disappear, and the general expressions for 2, 2, w0, y, vrem
of precisely the former modulus.  Thus, if' p/, ¢/, +/, &, be resypec-
tively 6, 14, 7, 14, and m==1, n=2; then p==90, ¢==2, r==01 SR
and the same answer 109111‘(5, after dividing by (:}'12»‘“3;‘1‘2')"’-_4"4%‘). ins
Pl==6, ¢'==14, ¢'==17, §'=14, m,hwli, n==9; uhcn =462, g==142, r=
476, s==133; dnd now, it /=55, n'==14, then ]/NA:%‘;:)W g==1342,
»==31766, s=651 ; all which wﬂl result in the same answer,

We have given a successful method of finding two cubes, whose
m==18.3613; or rather, in the first instance whose diffirence
13.3613; and here we desire to add, that when such cubes ave in.

tegral, they may be found by assuming f--g, and f—g¢ for the root=.
when the sum is an even number; or L(f--¢) and L f—g), when
the sum is odd In this case it is odd; then L /gy 3 /—gy)®
18.3613; consequently, f'(j’z—{~3952)::4.13.361o.

Now, since 3613 is a prime number, evidently greater thau f,
7, if an integer, must be one of the factors, 1, 2, 4, 13, 23, or 52.
On trial, we succeed only with 13==7, in which case, y==69, and
1, and L(/—g)==—1U8, as before found.

eﬁ?@@ m@e&mge@zé’wm for a differerd ansiwwer.
We have, on the first page,
a=(3rq—3ps)(7*4-3s%),
b pr-3g8) (- 36)—( pPt-30°),
c=(3rg—3ps)( p*+3¢%), and
Ad=(r*+-38%)*—( pr--3¢s)( p*-347).
Let us now make 234 divisible by p*-F39°%.  Thisis done by put-
ting r==3n'g-m'p, and s=w'g—n'p ; for then 7*--8s* becomes
(m* 433" p*4-84%). By substitution, we obtain
1==3n (1/;-1"—’—31@"2')( P-3¢7)7,
Dl (030 (P3¢ —( P39
=3 (p -39%)% and
d=(m" Sn”) ( pr8onyt—m( p*1-
Dividing now b_/‘ the common factor (p*
=3/ (- 30)=3gh( f2--35"),
b=/ (- 3" ) —1=fT( > 3y%)—1,
c=3n'= 3gh’ and
A= (- 30—/ =( f?}- 8y —
/= f-+h, n'=g-+7, and multiplying by A"
Whence, (and changing signs for positive numbers) we have the
following theorems :
- be=v=R(3g— ') - 857 T,
a—b=z=T(3g+ I ) P-4 37—,

i, &

\a
) .
g%)?, we have

e

i that is, after putiing



4

e+ d=w=n(3g— 1 -+ *+39%%
e—d=y=1*3g-+ 1 )—(f*+39°)"
Beginning with the least numbers, we soon find that with /=5,
g==8, and /=14, the least values of v, 7, w, ¥, to answer the ques-
tion, will result. Then », #, w, y, will be, respectively, 96138,
49686, 99225, 32487 ; which, by dividing by the common factor
147=(0*--3.7%), become 654, 338, 675, 221 ; so that (654)°-(338)>
=(675)"4-(221)’. These are smaller numbers than those before
found, within the relation to produce affirmative results. But, in
attempting to find two different numbers, v and z, such that w’--a*
==the same sum, by cither of the methods herein before employed
successfully, we fail.  We are, therefore, in this instance, driven
to the following prolix, but equally well-known method:
3 3) %, 3 3 | 73
It is known that ¢*-- lﬁ:{“(iiiigl} b(zjjﬁ) )
which, substituting ¢=675, and =221, we obtain
R 222165852975%° 138321162031
(675)37"(22'1)0*—‘{ 296753014 ) "é 296753014 ) e
and from another equally We’ll -known Theorem, we next have

o1 s A0 (20— [)”) (020" N8
Wt = a” TR T , Wherein

222169802975 , 138321162031

/o j— . WA " N
="596758014 U= ggerasora |V herefore,

— 0%

= .
2a —0%)  20667483866296141146514629941994412921894289729

- T 4039417275545528891152791084460320436090524

==z
d”(a”—~25§‘_12602716340775710655927372968837366417]2234175
@0 T 4039417276545528891152791084460320436090324
We have now the numeral values of «, v, w, z, y, z, such that
D y=u-+2%; and, at the same time, those of «, v, %, are
such as to insure all the numbers, in answer ‘to the proposed ques-
tion, to be affirmative. Multiplying all the numbers by the com-
mon denominator, in the above fractional values of « and z, we get
integral values, as follows:
2w==2667483866296141146515629941994412921894289729,
v==20641778898206775894813925369237049565203071896,
w=—2726606660993232001528133982010716294460968700,
4==1260271634077571065592737296883736641712234175,
y=892711217895561884944766829665730816375961604,
2z=1365323039134388765209643386547588307398529512,
These numbers are believed to be prime to each other, and are,
therefore, irreducible by any common factor; and, if substituted in
the notation with which we set out, namely:
H@ ), JP—p ), H— L), PR (@ —),
or (because yis odd) in the equivalent expressions
4 (Bt —2), 4(P—yt+2), 4(—aPH-1f-20), BvP—4(nP P —27),
will give four numbers such as are required in this problem.
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2. HKind three integral numbers in arithmetical progression,
such that their common difference shall be a cube; the sum of any
two, diminished by the third, a square; the sum of the roots of the
required squares an 8th power; the first of the required squares
a 7th power, the second a 5th power, the third a hiquadrate, and
the mean of the three required numbers a square.

Solution. Tet[(@—at 1)y, (#+1)g% and (@4at 1] . . [a],
represent the three numbers in arithmetical progression, their com-
mon difference being 2% Then must { (a*—2x--1)y*=] ... [1],
@ Dp=[] - . - [2], and (@ 2ok D= . .. [3] 5 - . . [A]

[1] and [8] are squares. To make [2] a square, let «*-|-1=(a—p)*;
then will z==( p*—1)--2p. This value of « in [A] changes it to

—2p—1 N2 +1Y2 . P2p—1 0\ 2
L 227) —‘) Y [4 ] (j 2]) ) v .. 5], 27)'_‘ P
.[6] + ...[B], all squares; the sum of their roots being

3pi—1 " o .
% y...[7]. Let y=p2, then [ B] and [7] become

J p—2p—1 27} g% —H) 9] (p r?@_——l) ;
2 LY b ~

2
. [10],and (3232 1) oo 1] b [0 [11]1ds asquare and
[10] a biquadrate when p==1. Putting (j~Ll for p, [10] and
2
[11] will e (%«-}-@44)% _[12], and (*—A~3([~:~1)‘2z2 ... [13].

4lp-L] i . .
Assume ~~{ 2¢-+1=(¢gr—1)% then g~.*l—_+:l)‘ Substituting

. N tain ZEED 12041
this value of ¢ in [13], we obtain @ —1) 9,1

N

Adding these terms, and rejecting the square denominhtor; the
g s ) g 5
result is 4s4--24751-447°1-367--13, which make=(2,*+6r+42)%;

. 3 4(r-1)
then will r—— G 1= 2(7 =8, and p=¢--1=9.

Substituting this value of p in [ €7, we shall have
31%4 ... [14], 41% ... [15], T84, .. [16], 112 ... [17 [0
bl b I
Take z=11%*, and [ D] becomes <{ 31%1129 . .. [18], 412111 . . .
b bl
[19], 71121 ... [20], 11%®%...[21] &...[#], and the common
difference, xy?==360.11%0% ... [22]. To make [22]a cube, let v=:
523w°; then [£'] and [22] change to { 31%11%5"2.3%p™ . .. [23], 41%
1125928108 || [24], 741125%80% . . . [257, 118.5%.8%0% . . . [26],
1112.5%.38.9%e%, .. [27] +. .. [Z7]. [23] is a 7th power when w=:
31%11°.5%.8%", which changes [/7'] to <{ 31%.11%25%431%5 . [28],
bl d
412‘3196‘1 1252‘5224'3112,21’336 [29] 74 196 1252.5224.311216336 . [30], 8145.11128.
5112, 556,168 [31]’ 371%, 112“ 5225 gli4 93,336 [32] } [G]
To lIl‘Ll\G [29] a 5th power, put uv413 31411%5.3%°% and the
expressions in [ & ] become, respectively,
(41504'31721‘1 ]650‘5180'3360{/840)1:(41144.3120().1 1130.580_316%240)7,
(41505. 3 17"10' 1 1630‘5280. 3:}605840)2: (41202'3 1‘288‘1 1252'5112‘32'.7%338)5,
(41504.3 1720.1 1630.72'5280'356%8{0)2:(41252'3 13601 1315'7 .5140‘3‘280#20)4,
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47504,3170,1 1652, 5280 35604840— (4] 63,31%,1 17°.5%, 3706105)8,
4 1 1008. 3 11410. 1 11280.5561' 31122. 23t1680:(4_ 1 336' 3 1480. 1 1420‘5187.3374_2ﬁw)3-

In the last five lines above, eighit of the nine required powers are
found; it remains to determine the required numbers; the mean ot
which will be the ninth of the required powers.

Since a=(p>—1)~2p, p=9, and y==p7*, the expressions in [e]
are 182124 168124, and 2041zt DBut z=11%"* changes them to
(1321.112.0%, 1681.112%, 2041.11%%) .. . [H]; v=>5%3w® makes
these 1321.1112.5%.3%w™,  1681.112.5%2.3%w%, and 2041.112.5%.3W,0% ;
and w==31%115%.8%5%", transforms these last to

1321.31%.17%2.5%4, 81123
1 681 .3196A1 1252‘5224. 311‘2“336,
2041.31%.11%2, 52, 31128,
Finally, ©v=41%.31%11%.5.3%°; hence, the numbers sought are
1321411008, 311440, 11200 5560, U201 307 (417,3110)14, (110,558, 331210,
(41505‘31720.11630.5280.35605840)2:1681(417'3 110)1{4'(1 19‘54438t1‘3‘)1403
2041.4 11008, 311440, ] 11260, 5500 312041680204 1 (417.3 lw)““.(l 195435110
the numbers being simplest when ¢=1.

Note. [10] may be made a 4th power and [11] a square by other
methods. If the quantities within the parentheses be multiplied
by 4, the result is 2p*-4p—2=["} ... [a], and 6p*—2=1]... [b].
Tiet g--1==p; then [a] and [h] become

292 4-8g-+4=] ==0% .. [a], and 6¢*+12¢~-4==J==a®. .. [b].
Subtracting [a'] from [b'], and factoring the differcnce, we obtain

g(4q-+4)=(a—-0)(a--0). Take g==a—0b, and 4¢-|-d4==a--b.
Adding these two equations we have a=(5¢-}-4)—+2. Bubstituting
this value of @ in (b'), and reducing, we find ¢g==8, and thence p==9.

To find a third value of p, put s--9=p’; then the quantities in
the parentheses of [10] and [11] become
2524-40s--169="]=0". . . [d], and 6s*4-108s+4484="|=a%. .. [c].
Multiplying [d] by 11% and [c] by 7% to make the numeral squares
169 and 484 equal, we obtain
242521 48405-+-28716=d . . . [d'], 2945°4-52925--23716=c". .. [¢'].
Subtracting [d'] from [¢'], and factoring the difference, we have
s(52s+452)=(c—d)(c+d). Put s==c—d, and 52s-+452=c--d;
then, by subtraction, d=(51s-}452)—+2. Substituting this value
of d in [d'], and reducing, we find p'=1911.

3. TItis required to find three whole numbers in arithmetical pro-
gression, such that their common difference shall be a cube; the
sum of any two, diminished by the third, a square; and the sum ot
the roots of these squares.a square.

Solution. Let @*—wy-y?, 2417, and @*~fay-4-y*
represent the numbers in arithmetical progression, whose com-
mon difference is y; then must
?—2xy~+o={]...[1], «>y*=[] ... [2], and a?--2xy-}y={"] ... [3].

[1] and [3] are already squares, and [2] is a square when
o=p?—s* and y=2rs, v being taken >ax. Whence, by substitu-
tion, [1], [2], and [3], are changed to
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(—r*-2rs-F2%)2, (12697, and (' 2r5--¢*)";

the sum of whose roots, 72--4rs-+s* . . . [4], must be a square.
(n*—1)s
Put r*H-4rsf-s"=(r-+ns)*; then we find TM*@%’

3 58 9s* 10s? 90s* 3210
Take n=—-; then r= —p» a==g, y=—7 0 and zy=——— A= o =

a cube. .. [5]; and the assumed numbers become, respectively.
13213 168]5 2041s*
. [6], —— nd 5 ... [8].

. f7], an

But [5] must be a cube, Whlch is the case when $==3.10%% for then
5}6 109612 01 10 ti 3 .

xry== _.( ) == a cube; and [6], [7], and [8], become

1321.58.3%2—=41797265625¢"%,

1681.55.341%=53187890625¢",

2041.58.341==64578515625¢"; where ¢ may be any
integer— the least numbers being when ¢=1.

If s=2°.8.10%", or t==2"", the above numbers become
1321.108.640”=1712016000000002'%
1681.10%640"=217857600000000v",
2041.108%.6%"=2645136000000000".

Substituting the values of 7, , and y, in terms of s, and taking
s=11%2%"*, expressions [1], [2], [3], [4], [5], become [18] to [22],
inclusive, and [6], {7], and [8], become the thrce expressions in
[1], in the solution of problem 2.

Again, take 1321.5%3%"2 1681.5%3%" and 2041.5%.3'% for the
three squares sought, in the second condition of problem 2.
Then must  31%5%3%"= a 7th power... (1),
412.5%.84%"== a 5th power ... (2),
492.5%.81= a 4th power. .. (3), and the
sum of the roots of these squares, 11%5%3%"=an 8th power... (%).

(3) is already a 4th power, and expunging the 7th power factors
from (1), the 5th power factors from (2), and extracting the square
root of (4), we have only to make 81%5.3%°== a Tth power ... (5),
412.5°.8%?= a 5th power . . . (6), and 11.523¢’= a biquadrate . .. (7).

(1) is golved by taking ¢==11.523w* Whence, by substitution,
(5) becomes 31%11%5™M.8%®= a Tth power, and (6) becomes
41%11%5"8%°= a 5th power, or, expunging the 7th and 5th power
factors, as before, 31%.11%5%3%f== a 7th power ... (8), and
41%11%5%81= a 5th power . . . (9). Take u==81211%5%3%", and (8)
is satisfied. (9) then becomes 412.31611%.5".3"*= a 5th power, or,
cancelling 5th power factors 41%.31.1125%.3%==2a 5th power. .. (10).
Hence v==41%31%11%3%¢° solves (10).

Retracing, we have ¢'=412.31%.11*.57.8%%,

?6._4121 3130 1126 A11 32311,% u4__:_4184 31110 11104 44 392“,140
L E==41%3110,1 115 546,351,
t12:4 1 1008‘ 31 XMO‘ 1 11‘260‘5552. ;31116,{0‘168(?,
53‘ 34t12:41 1008‘ 3 114{0' } 11%0'5560. 311‘20,10-1680:”1,
.. 1321m, 168lm, and 2041m, satisty all the conditions.
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4. To find »n eonsecutive numbers of the natural series, such
that the sum of their cubes shall itself be a cube, # being=a cube.
Solutiore. Let x represent the first number in the series, then
must @b (k18- (- 2) - (- 8- &e. to (a--n—1)*==cube.
To obtain & more manageable expression for the sum of this series,
7203 n(n-F1)\ 2
+ ( 2 ) ’

we know that 1°--2%-4-3*-- &e. to i

] r—1
and, .., that P--27-1-3%4-&e. to (v—1)= <( 1y > ; and

hence, that 1°4-2°4-8"-F-&e. to (v-Fn—1)'= (U e 1—-)(—’3“_)1)
‘Wheretore, the sum of all the cubes of the required series of 7 Nos.
Fn—1)(r-4-n) (x—1)x
) ) —§~> ==, cube.
(e n—1 ) (a—1 )2t =4l
But the difference of two squares is equal to the product of the
sum and difference of the roots ; therefore,
[Ce-n—1) (a~n) - (e—1)a].[(a--2—1) (- n}—(2—1)w]==4 .
Or, [2:.2L2(n—1a--(n n==4a>
Here, » 1s, evidently, a facior of ¢*; and since 7 is a cube number,
s=g8, € 1s a factor of a; and we may vepresent 4¢® by 40°, and
substituting @ for », and dividing the equation by #, it becomes
(2% 2(B 1) (P 1)P)2 -5 1)=40
Making the multiplication in the left-hand member, and also mul-
tiplying both sides by 2, the equation is
8051 12(6—1)a? - 4 £—1)(200—1) 2 2(£'—1 =81 cube,
Now this being one of those cubic formulas, irreducible by means
of an assumption that will destroy fwo terms, we must avail our-
selves of the next expedient, viz., the vanishing only of the termn
845 and, in aceomplishing this, in order that the utmost advant-
age of a division by factors may be had, that is, that the resulting
¢quation may be divisible by (¢—1)(#-4-1), let us assume
2h==2r--[(£--1)-1](1—1); then will
8§ P12 20 2) (=1 ) (- 281 2) 26 (£=1) 201 (P21 201 2 (¢-1) =
8%, Equating these two equal cubic expressions, rejecting the
common term 8, and transposing, we have
12[(2-2¢4-2) (t=1)~(£*-1)Ja - 20 (- 211 2)* 3 (¢ ])? (-1).2(26-1) ]
..u’)(tl )2{% (2‘2—'*‘)6—%2) (t_1>3
Or, 12/2—1)a?- 2] (2 2¢-1-2)2.8(¢-—1)%—(—1).2, 26*—1) Jr==
210 (2--2¢--2)*(¢—1)°.  Obviously, this equation is divisi-
ble by ¢--1; and also by #—1, and it reduces to
1202—2(#'—6*—202-10)e==t— 3" —2>—21* - 10/°-|-4£>—8,
Multiplying by 12, and adding (#*—6#—2¢*-| 10)2 to both snle‘
the quantity on the left-hand side will ncces&uﬂy be a Lomplete
square; and the result will be
[120—(tt—6—212--10) JP==t®—4t'-- 81"~ d==(t'—28'—2)",
1200—(t+—68—242-1-10)=t*—2#%—2, nad
3—212-41-4); where #*==n, or n must be a cube number.

will be 1ep1e‘>entcd by (“

_,_‘;::;;“l,‘,(t;;
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5. 'I'o find a cube number of numbers which are cubes whose
roots are consecutive numbers of the natural series.

Solution. Let s—[n—11), (e—[n—2]), (@—[n—3]) . ... 2"
. (w[n—3]), (x+[n—2])? (z-+[n—1])°, be an odd series of
eube numbers whose roots are consecutive numbers of the natural
series; 2 being the middle term.
Then, bcgnmum at this term, the sum of one term is 2
Also, the sum of three terms is (e—1)4- it (- 1= 84565 sum
of five terms is (v=2)P (=1 )PP (e 1) +(L+‘)) = 551300

In like manner, the sum of seven terms. is = 7r%--84r
and the sum of nine terms is = 9.054+180x
’ ’ ’ ’ eleven terms is = 11.1“—{— 330
? ’ ’ ’ thirteen > = 1335461, &c.
the sum of 20—1 terms iS::(ZH.—‘l).If’%A()}2/3—— 3 —rn) 1),

for the nth term of the series 1, 3,5, 7, 9, 11, 13, &e., is n—»vl
and the (nﬁl)th term of the series 6 30, 84 160 330, 546, &c., is
203 —3n*-n. But the problem requires that Ll] shall be a cube, and
also that 22-1 shall be a cube. Let 2n-1=p?%; then n={{p*-1),
and by substitution, formula [1] hecomes

93 pb—1 . | :
TR ]—(—/—>z =a cube; or, dividing by p? AT cubes
» i ’ T4
This expression will be a cube when »=}. Let x==y--{, then by

substitution, multiplying by 8, and cLllJ.l]O“]l](’ the terms, we have
8y 12y (’/)"—r4)1/4 -pb=a cube, which putﬁf(z‘(h"‘u’)" Whence,
P—=8pt2  (p*—1) & (p —1) (p~1)“"(;)~!~ 1)
=61y 6 6 6
Here the value of » must be integral, to have consecutive numbers.
This will b(, effected by taking p—-Gm:‘:J ; o being any number.
Let m==1; then, using the negative sign, P=5, 0(49() and n==63.
Substltutlnn these values in the ouduml series, we have 34, 35, 36,
. 156, 151, 158, for the roots of 125 consecutive eubes of tho
llatm.nl series of nOs. Using the plus sign, p==7, then w==384, n==
172, and by substitution we have 213 . .. . 555, for the roots of 343
¢ ul)os which fultill the conditions. If 1/::2 then using the msnus
sign, p=11, we have 1331 cubes: and using the plus sign, p==13,
and we shall have 2197 cubes. Now to hnd an even num[)el of
cabes, we have only to add to formula [17] the term in the original
series next to [w—(n—1)], viz., (z-}2)? and then we shall have
(20—1)a8 - (20— 3n2~|—n)r—r(rT)z)"—‘Z}u Bt (2088 ) nd==
a cube. But 22 must also be a cube. Let 2n=p*; then n=4p",
;Js I »))ﬂ

and by substitution, we have px’~- 72 e — —}— 8 =a cube,

which, after dividing by p*, and multiplying by 8, becomes
8281222 (2p8+4)e-Fp°= a cube, which let=(2:4-p??. Reducing
3ty (P13 (pe)(ph s

6 —1) — 6 == A , Where,
in order to have x integral, p may be taken any even number, ex-
cept 6, and its multiples. Let p==2; then r==1, n=4. Substituting
these values in the original series, we have —2, —1, 0, 1, 2, 8, 4, 5,
four of which uuml)c]s balance one another, and one is 0; whence
we have 3, 4, 5, the roots of three cubes whose sum is 6%

Let ]9--4 Lhen w==37, n==32, and by substitution we have 6, 7,
3,9,....66,67, 68, 69, for the roots of 64 cubes answering the
conditions of the problem. Let p=8; then =661, 7=256, and
we have the series 406, 407, . ... 917, for the roots of 512 consecu-
tive cubes of the natural series of numbers. Let p=10; then z=
1633, n=500, and by substitution we have 1134, 1185, 1136,.....
2182, 2133, for the roots of 1000 cubes that fulfill the conditions.

this we find x=—
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£

& {To find »n square numbers such, that if each be either increa-
sed or diminished by its root multiplied by some number, the re-
spective sums and differences shall be squares.

Solution. We have here to make a?d-aaw=[], y*==by==[,
2= ], &ec. ad infinitum. Let a?--aw=] l=m??; then will

« L. a@? «?
A==y Al » subst ; Wty S — = |
iy and, by substitution, i*—a. =1y 1 ]

Dividing this by «2% and multiplying by (m*—1)% we have 2—n’=:
1, which is so when sm==-=1. Let m==n~1, then 2-m?==1--2i—n’

- ) L . R 20( -4 .
:;;_J;—_—;(]_i(?,{ > . Reducing, we find /(:—Zzg—,—‘(]rf—); whenee,
2 N

/n,,,,,(]——h‘r()])”f/) y and = ;l = (7 kg ; whence, « may be
PRt ni—1 41/(1((] —*) ’

taken =4pg(¢*——*), and then v==(p*4-¢*% Let p=1 'md g==2;

then ¢=24, x==25; whence, w*-ww==625-+600=35" or

Again: letp =2, ¢==3, then ¢==120, »==169, which lot—*b, and Y,
respectively; whumc P by=28561--20280==2212%, or 91*={]x.

Also, let p=1, g==1, then ¢==240, »==289, which let=c¢, and z, re-
spectively; whence, 2= c2=-83521-69360==391%, or 119*==]s, and
80 on, ad infinitwi.

7. Totind o common value of 2 that will make 2=,
atd=bw=("1, wdca=|"], &c., ad infinitum.

Solutiorn. Inorder to sol\'e this problem, it will be necessary
to premise the following Algebraic Theorems from Barrow’s The-
ory of Numbers:

. Hvery prime number of the form 4¢4-1, is the swm of two
S(luﬂl'(’fi il] one \\'il)' ()l]]y.

2. The square of every such number is also the sum of two [[]'s
in one way only.

3. The product of any two such numbers is the sum of two
squares in two ways; the product of any three such numbers is the
sum of two squares in four ways; the product of any four such num-
bers is the sum of two squares in eight ways; and, generally, the
product of any (n) such numbers is the sum of two squares in 2"t
ways. By attending to these theorems, the tollowing solution will
be readily understood.

Put a=:*; then by substituri(m, and expunging 2%, we have

Pa==[_|, P4=b=), #*==ce=["], &ec. ad infinitum.

Let 2=n2 02 and a=2man; then 2*4a=n’4=2mn - n*==(m-n)
Also let Z2=p*|-¢* and b=2pq; then 24=b=p*4=2pq + ¢*=(p=q)"
Again, let 2=+ «* and ¢==2rs; then 2d-e==r?4=2rs -+ s*=(r4=s)*;
all [s; and so on, ad infinitum. Here all the conditions of the
problem will be satisfied, if we can divide 2’ into two squares in
any 7 number of ways. In order to do this, it will be necessary
to solve the following probleni: “To divide a given square number
into two other square numbers”. See Barrow, p. 460.

Let A*=2— iven square, and ¢? w? be the required squares’

. /
: )
then A’=p*-}w* and A2—w?=p% Assume A- u-:z—f’ and A—
’ q




i1

q'v s g
= Hence we readily find 24 = e =

P gv_(p—q")v
Y Py

210 ="~

5 and thence we get

15 t2
(ﬁ-,%]qli in which formulee, A, orits equal, z, may be taken any
prime number, or product of two or more prime numbers, each of
which is the sum of two squares; then p?-f¢" being put success-
ively equal to each sum of two squares into which A or z can be di-
vided we shall have as many integral values ot », w; whence also,

—v?-}-? the same number of different ways, for which may be put
successwely, mi=nd pr4-qf 1?4-s% &c. The different valnes of
2vw may be put successively==2mn, 2pg, 273, cte., ==, b, ¢, ete.

Let A==z=5=2?-112% and put p'=2, ¢'=1; then r==1, w==3, and
#=h*=4"4 3% being the sum of two squares in one way only.

Let A==z==5.18=65; then 5==2?-}- 1% 13=3"+- 1% 65=8"-}- I'=
72-4-4% and putting p/, ¢/, successively==the root of cach sct of” two
squares, we shall have »==52, w==89, »==60, w==25, r=16,
z':56, w=33; whence z’=the sum of two squares in forr ways.

Let 2=5.13.17==1105; then 5==2%}1% 13:‘%2 - 27
5.18==65==82 4 12=72 - 42, 5.17=85=09°4-22==72 -6 13.17
1154107 =142 - 52, 1105-=882 4 42— 327 |- 92812 4= 122247+ 23%
and putting p’, ¢/, successively=the roots of mch set of two []'s,
we shall have the following values ot », w, viz., 884, 663; 1020, 42575
520, 9755 272, 1071; 952, 561; 468, 1001; 1092, 169; 1100, 1053
700, 8555 264, 10735 576, 943; 744, 817; 1104, 47: whence =the
sum of two squares in thirteen ways.

In like manner, if z==the product of four factors, each of which i
the sum of two squares; then, t“kmn the factors singly, the pro-
duct of every two, the plodu(t of every three, and ’nnally, the pro-
duct of all four, we shall find forty ways in which 22 will be diviaed
into the sum of twe squares; and if z==the product ot tive such fic-
tors, we shall, by proceeding as above, find one hundred and twen-
ty one ways in which 22 will be divided into the sum of two []s.

Premising that the subscript figures represent the No. ot factors
used, ‘we have the series 1,, 4,, 13, 40,, 121, 364, 1093, 3280y,
&e., which may be extended ad infinitum, by multiplying any term
in the series by 3, and adding 1, to find the next succeeding term.

Having thus found the values of z, ¢, b, ¢, &ec., in the expressions
Bra=["], 2b=[], 2dc=], &c¢, if we multiply these expressions
by @==2", we shall solve the original expressions

2 tan=[_|, @*+be—{] a’tce=], &

Note. If 2==5.5.183==325, then 5=—=2-]-1%, 13=-3*--2%

$£4-3% 5.13=65=8"4 1*=T7"4-4* and 55.13= 0“18-—;~l- 2

2

2

BN

6*=152410% The last set is in the same ratio as 8*-f and
will give the same values of o, w; thercfore, there are but 7 ways

in which #° can be divided into the sum of two squares.
We sce from the above solution how to construet expressions of
this kind to any extent we please, se as, having given the values
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of a, b, ¢, etc., to find z, and thence .
8. It is required to find any n square numbers such, that if the
root of each be either added to or subtracted from the respective
squares, the sums and differences shall be squares.

Solution. Let @®a’aw—["), b +by=["], % +<v~[:l cte.,
ad infinitum.  Here we will solve only the case @’x*+aax=[]. Put

, a .
a'w?ar=] J=m*%? then reducing we sl which be-
4 2
i t in the expression «*z*—aee—["], gives “ °
ing pu he express 0t — S . R
g1 I VS (mr—ahT mr—a’

). Dividing this by « and Xing by (m’—a*)’, we have 2¢*—m’==
{713 which is so when w:;—!—a. Let m==n—u, then, by substitution,
we have @*--2an—n’ —U: @ — An) 5 whence )1._(6(22)29_'—2])
q P+
where ¢ may be taken=p*--¢*, and n=2pg--2¢*; whence m==n—a,
or d—n=p*—Lpg—q’, and =
P 2+g
pg—ap'y 4pg(g—") ipg (g —p?)

Now let p==1, ¢==2, then «=5; w=yf, ar=2%%, (31)’+3i=H)
and ()% Again, let p=2, ¢g=3; then a==13, 2=, which let==0
and y, respectively; then &y Jw%—‘;-%, and (348 =1H=EF3D" (%)™
Also, let p=1, ¢g=4, then a==17; a=34/%;, which let==c and z, respec-
tively; then cz=—=2%82, and (388)*=232=(344)% and (3}§)% and so on.

9. To find a common value of @ that will make @*’+awr=—["],
Dt -bu={], ¢*r’+ca=—[], ete., ad infinitum.

Solution. Dividing these expressions by «*, 0% ¢, cte., respec-
tively, and writing ', ¥, ¢, ete., for the 1'eciproc~tl% of a, b, ¢, ete.,
respectively, we have a’z=a’w=, @*-=0'w==["], a’+ca=[], ete.

These expressions are of the same form as those in problem 7, the
only difference being that the values of «, b, ¢, ete., are integral in
75 and &, 0, ¢, ete., in this, are fractional; 2 being integral in both.

Let a==2"; then substituting and expunging #*, we have

P =[], 2=0=], #4=¢'=[], ete., ad infinitum.
Let 2=+t and «/=2mn; then 2*-=a'=m’-£2mn-tn'=(m=-n)
- Also let Z=p*-¢*, and §'=2pq; then 2==0'=p*+-2pg-4-'=(p=q).
Andlet 2=r"4¢*, and ¢'=2rs; then 2’-=¢'=1"+2is-s'=(r+s)’, ete.

Here, as in problem 7, all the conditions will be satisfied, if we
can divide 2 into two squares any () number of ways; a method of
doing which has been given in the solution of problem 7.

Let us subjoin a few examples of problem 7; as this is easily
changed to 9, they will illustrate both. See problems 11 and 12.

(ew). Let 2=5.5.13=325; then, by Theorems on p. 10, we have
5==20 1 1%, 13==3-19% 55=25=—413% 5.13==65=—8"1"=7"-14,
5.5.18==325=—=18"1-1°=17"--6"=15"-}-10>. This last set being in the
same ratio as 3°-42° as before stated, gives the same values to v, w.

Let p'=2, ¢’=1; then v==260, =195, and 2vw=101400=c.

00 =3, ¢/=2; ’ ’ »=300, w=125, >’ 20w=75000=b
P pl=a, ¢'=38; 7 7 0=3812, w=91, '’ 20w=56784=c.
P p'=8, ¢'=1; 7 7 =80, w=315, '’ 20w=50400=d.

(P49

s and ==

b

M
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b

P==1, ¢'=4;° > v=280, w==165, ’’ 20w=92400=¢,
p'=18, ¢'=1;° > v==36, w==323, ’’ 20w=23256=f,
P=17, ¢'=6;" ’ v=204, w=253,  ’ 2vw=103224=g.
L. 2 a=—(325)'+-101400=207025 and 4225, or (455)%, (65)?,
22+ b==(825)24-75000=-180625 ** 30625, * ' (425)%, (175)%,
2 o—(325)"-56784=162400 *’ 48841, (403)% (221)%,
Z"’ftd:(b’25)9i50400::]56025 > 55225, (395)9, (235)9,
Poe=(325)"4-92400==198025 > 13225, ** (445)%, (115)",
o+ F=(325)1+23256-—=128881  * 82369, ** (359)°, (287)%,
Pebg==(825)"-103224==208849 >’ 2401, * (457)%, (49)".
By considering this solution we readily see how to construct the
following pr oblem:
(B). Make 2*2-1014002=="], 2’-£750000=_], a -1;-96784a3_[j, P
50400x="], 2*=4=92400x=] ], @*==23256x =[], «*+=103224x=[.
We see also how to find the value of @, when «, b, ¢, &c., are given.
Take any of the given quantities, as, e. g., 23256; then we have
20w==23256, and vw=11628--2.2.3.3.17.19. Put v==2.2.3.3==36, &
w==17.19-=323; then #’=—v’-}w’—=36 ~{— 323°=325% which No. will
satisfy all the conditions; whence =" is known.
(€). Let z==5.5.17=425; then 5=2>-} 15174} 1% 5.5==25=4"}-3",
5.17=85==9"F2"==721-6% 5.5.17=425—19"-1-8°=16"— -13?=20°4}-5%
The last set being in the same ratio as 4*--1%, will, as stated in the
Note on page 11, give the same values of v, .

Let p'=2, ¢'=1; then v=340, w=255 and 2vw=173400=aq,
p=4, ¢=1 7 22200, w=375 '’ 2uwr==150000==5,
p=4, ¢=3 7 0=-408, w=119 ’ ' 2uw= 97104==¢,
p=9, ¢=2 180, =385 '’ 2vw:==138600=d,
p'=1, ¢=6 ' v=420, w=65 '’ 2vw== 54600=¢,
p'=19, ¢=8 7 v==304, w=297 "’ 20w==180576=f,
Pp'=16, ¢'=13 > =416, w=87 ' 2vw="72384=g.

. z‘zj:a:(zt%)gj:173400:354025 and 7225, or (595)% (85)%,
b= (425)2 +150000==330625 ’’ 30625, ’’ (575)2 (175)*,
Pt e—(425)-£97104 277729 *’ 83521, 7 * (527)", (289)’,
- d—=(425)*+138600=319225 ’ * 42025, ’’ (565), (205),
e =(425)'3-54600 =235225 7 126020 i (48,)) (355)Y,
A f=(125)'-180576==861201 " 49, °’ (601), 7%
20 g—(425)"--72384 —253009 ? * 103241, ”(503)2 (329)%

From this solution we easily construct the followi ing problem:

(d). Make «*-4-173400x=[ ], 2*==150000z==["], 2?+-97104e=[_], «?=4=’
138600z=["], 2*4-54600=[ |, «*=-1805762=[ ], and a?--72384z=[.
We see, also, how to find the value of @, when a, b, ¢, etc., are given.
Take any of the given quantities, as, e. g., 97104; then 20Ww==
97104, vw==48552=—2.2.2.8.7.17.17. Put ©=2.2.2.3.17=408, w=
7.17==119; then Z=—=v*-}1*=(408)"-(119)*—=(425)*," which number
satisfies all the conditions simultaneously; whence az==2* is known.

Hence, also, we sce how to solve the problem,

(e). Make ax—(101400)2 [, «%—(75000)*=[ ], @——(56784)’—-{3
Here, 2*—(101400)*=(--101400) (+—101400), @*——(75000)"==
(x475000)(2—"75000), and a*-—(56784)°=(z--56784)(z—56784).

Let x=2"; then it is evident that we have to make
#:£101400=[], 2’==75000=[], #*+-56784=[]; for if each factor i«
a [, the product is alto a []. The problem is now the same as (b).

) b

) b
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10. Find three square numbers in arithmetical progression,
such that if from each its root be subtracted, the three remainders

shall be rational squares.

HISTORY. 8o far as we know, this problem was originally published in the first London edition
of J. R- YVoung’s Algebras wheve erroneous answers were given. The Ameriean Editor, noticing
this fact, omiited the probiem; and in a note he says, “It would be difficult to find true numbers of
any moderation, unless negative answers be admitted”.

Solution. Let a*x? b%?, c*x? represent the numbers required.
Then, by the conditions, [@*—ar=[]... (1), {*a*—bx=[]... (2),
and ct—cr=[]...(3)]...(C). Put @*a’—aax=m>*; then will

11

T —m?
multiplying by («*—m?)? they become, respectively,

@b—(w*—mHab=[] . .. (5), and ¢**—(a*—m*ac=[]... (6).
These are [ 's if m==:a, but either of these values of i renders «
infinite. If nd-¢ be substituted for s in (5) and (6), we have
2= 2bntabwi=] . .. (7), and @*c*=2a*cn+acn*=[] ... (8).
2ab( p—+a)

p—ab " (9)-

@ ... (4). Pautting this value of # in (2) and (3), and

Take ab—unp for the root of (7), and we have n=

. . - . p*—ab\ *
Substituting this value of n in (8), and multiplying by (T

we obtain ¢*pt--dabep’4-2abe(2u--20—c) prdabiep - a*re=]. ..
(10).  Assuming ¢p*--2abp—abe for the root of (10), we have

2abe ac+be—ab
= e OF e oA
But if ep*—2abp-—abe be taken for the root of (10), we have
th—ae—be 2abe ,
= 2¢ > OF wet-be—aub """ .
From (£ e T ot e
rom (4), Wy, O, since mit==at2an--n?, = Tnaa)

< .. (12). If we substitute for » in (12), its value as shown in (9),
we shall get '
—(p*—ab)*
T =rabp pra) pLb) (13).
If, in (13), we substitute for p its first value in (11), or thatin (11),
using the + sign in the binomial factors of the denominator, we
shall find

‘ —< (ab—ac—be)—4abe* b2
“T8abe(we—ab—obe)(ab—ac+-be)(ab-ac—be) T (14).
When the relation between «, b, ¢, is such as to make the numeri-
sal valie of @ in (14) negative, (C) becomes [a*a*+an=]... (1),
b= ... (2), Fa*tex=[]...(3)]... (C); then
) { (ab—ac—be)—tabe? * _
P=8abe(ub—ac—be) (ab—ac—-be) (ab-Fac—be) " (15).
This shows that for such positive values of @, b, ¢, the conditions
of (C) are impossible, by the general method, when positive an-
wers are required, and that (C) must be changed to (C'), that the
problem may be possible; a%?, d%?, c*?, being three square num-
bers, such, that if each be added to its respective root, the sums
will be rational squares. ’
Whence, premising that 4 represents the square root of the
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numerator of (14), and B the product of the trinomial factors of
the denominator, the required squares, in both cases, will be

4\
a’rtax— (m) (@*—2a*be—2ab*e—a?c - 2abc—b*c?)?,

A 2
Vattbe= —5 ) (@*0*—2a*bc—2ab*c—3a*c*--2ubc-0%¢*),
8acB o

2
it ex= (S—J—;—E) (Ba?bP—2a*be—2ab*c—* P 2alPe—0¢P) .

Again: if, in expression (18) we put for p either its second
value in (11), or that in (11”), employing the — sign in the factors
of the denominator, we obtain the same value for «; «, &, ¢, being
any numbers whatever. Since a, 4, ¢, may be interchanged with-
out altering the value of @, it is evident that this process will
give but one value of x that will fulfill the conditions in (C); but
other values of »p may be found by substituting

act-be—ab 2abe . .
+—§c—" or q—‘rm, for p in (10), and making the

result a square; the values of p, thus found, will produce other
values of @ that will fulfill the conditions in (C).

Since the numerator of @ is a square, and the denominator divis-
ible by @, b, ¢, the square of the numerator of' @ will be the com-
mon numerator of ax, bx, cx; therefore, when a*v*—ax, 0*'—bax,
ctr—cwx, arve squares, if the denominator of ax, bz, ca, be subtracted
from the numerator, the remainder will be a square; but if’ «®2*-
ax, b*-be, rei-fcx, are squares, the swm of the numerator and
denominator of awx, dbx, ca, will each be a square.

To fulfill the conditions of the problem, a** &%* a?, or, ex-
punging 22, a? 0% ¢*, must be in arithmetical progression, and have
such relative values as to make @ positive.

&= p*—2p—1)%¢% P=(p*+1)%, =(p*—2p-+1)%? are in
arithmetical progression; and to obtain the least numbers for the
numerator and denominator in the fractional value of @, let p==7,
and ¢g=1; then ¢=381, 5=25, and ¢=17. Or we may take
@=(r"—2rs—s%)?, D=(r"1%)? ¢=("F2rs—s*)?; in which the val-
ues of r--s, r—s, being substituted for », s, give the same values
of a, b, ¢, or the same multiple of those values; and any multiple of
the values of «, b, ¢, will give the same value of . If r==4, s==3,
then will a=——1%, =25, ¢=31; but if »=7, and s=1, then will
a=34, b=>50, ¢=62. Substituting either of these three sets of

(864571)
11011044931800°

values for a, &, ¢, in (14), we find 2=

e (BGsTLE 8&571-315871)2,
S OTETEGATT08525400) % M T 547708525400
(864571)* 864571.554]13)‘-’
00 \OVFIL) 2,2 — CLIEeEI Y .
bret=gomatrorene O Z”'**( 140441797272/ °
b o (B645T1)* e (Q_Ma 71626329\ *
O T =355194997800)%’ PO 855194997800

These are the least numbers that have yet been found, when the
roots, awx, bx, cx, are taken with the positive sign; when reduced
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to & common denominator they hecome

12707211238697 L 4642579407797

i (11011044901800 » and fat—an= <1 1011044931800
fomte (1868/07(,991()“3) Yot (1976750763075 %
7= \11011044931800/ ° b= (11011044931800) ’

P <2;3171973435271>2 ot o (16786682585629

T1011044931800 "= \11011044938100

The product of the sum and difference of two quantities being

equivalent to the difference of their squares, the numerator of (14)
may be exhibited under a different form, which has the advantage
of symmetry, of corresponding more neal‘y with the denominator,
and of showing, at a glance, that a, b, ¢, may be interchanged, but
the change of form intr oduccﬁ, 1ad1<‘als, all of which, however, dis-

appear upon performing the multiplications indicated. We h"tVC’

(ab—ac—be)~tabe=(ab—ac—be-2¢y/ ab)(ab—ac~be-2¢y/ ab)==
{ ab—(ac—2¢y/ ab--bc) y.{ ab—(ac--2cy/ ab-4-be) p=

{ ab—(y/ac—y/bey . { ab—(y/ ac+ 1/be)? s =(y/ab—y/ ac-ty/be)

(y/ ab--y/ ae—y/be)y/ ab—y/ ac—y/bey(y/ ab4-y/ ac+1/ be).

11. If, instead of three [[] Nos. in arith. prog., we should wish
To find three [ ] numbers, «’? %% 2, such, that («**=ar=[],
B o=, ¢t—cr=]) . .. [b], the value of «, in [14], fulfills

(pt—atb)?
—dbpia--p)(b-rp)’
the numerator of which being a square, we have only to make the
sum of the numer. and denom. a [}, in order to have ¢**—ax=[].
Since the denominator is negative, the sum of these is found to be

three of these conditions; and [13] gives ar==

Pr—dbp—6alpt -4l ——4a by -+ a*bi= .. [16].
Taking p*—26p—ab for the root of [16], p;:——a—?%% YA
But from [117), p= ab:;c(-’__b_c’ . (szi)b b c;i—bc’
and e== ;ﬁfgg% ... [18]. Putting this value of ¢ for ¢ in [14],

multiplying by &, and dividing both numerator and denominator of
the right-hand side of the resulting equation by 16a°0°, we obtain

(-4
b"“%(rl,J—Z())Xwéi(u»wa ab)a”
tion is a square, we have only to make the difference between the
numerator and denominator a [ ], in order to make 4%?-bu=="].
This difference is —7a*4-40a*0*-+165% which must be a [].

If 4=1, this becomes ~7a“~l40a‘1-{~16:[) .[19]. Thisisa [
when a=--2; let, .-. a=f--2, then [19] w 111 become—x]"4—56f3
128f%~64f--64=[], whlch put==(9/%4f--8)*; then f=-14, anda=
SA2=F; but =1, .-. @b :: {1 1::6:11. We may, there-
fore, take a=6, and 5=11; then, from [18], c="%5. Multiplying
a, b, ¢, by 58, to obtain integral values, a=6.53, 6=11.53, ¢=1.66.

2 2
These values of a, b, ¢, in [14], give m:204§228)(1)5072 142721154688

Bat if a=f—2, [19] becomes —7f*+56f*—128f4-64f+64=],

Since the numerator of this frac-
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which put== -(9f —4j~ 8)%, then f_ﬁ, a—=f—2=—;. Therefore,
@b~ —6 : 11. If g=—86, b=11, and from [18]

c==—-"14:02, Muluplymfr @, b,-¢, by 48, we may take a=—6.43, b=
11.43, ¢==—11.12, and from [17], p=—>311:43 These values ‘of a,

2

b, p, in [13], give a= —9—5% Either of these two values of =
fulfills the five conditions in [H].

Other values of « may be found by writing »==£ for «, in [19],
and making the results squares. Similarly, others may be found.

12. Ifit were required to find a common value of @, so that
w@at=ar=_], P*a*bx==", c’a*tca=["], &c., ad infinitum, we re-
mark first, that all the prime numbers contained in the formula
4¢--1, are each the sum of two squares; which call 72-}-¢?; 928
""" &e.,y successively, where 7, s, 2, 8 5 #7) &7, &c., may be
any Nos. the sum of whose [ I's is a prime, derived from 4¢--1.
Then take 90’—[(7*24—32)(7 S5 (281 &e. T (12 57,

af =[ (248 (2 -5'2) (12 -8 2). &e. ] (12 - s7)
=] (r*s?) ("2 3’2)(7”5’~|—s”2) &e.]. (124540, &e., to
[ 462) (34%) (72 4-7%) oo . (ro—52)

Taking the factors 7252, 9"’—)— 2, and putting =2, s=1; =5,
§'=2, these general expressions will be %—-(2~~—]‘)Z( e ‘2) W=
65725 17)%, %”—652(22 12, @ —65% (217, dec., to G52} 1%y,

As the no. of ways in which 7?--s* can be divided into the sum of
two [’s is enfinite, we can find as many expressions like the first
two in [&], p. 16, as we choose, all having a common value of z.

Since 65%=(8"-1%)*=("7*- 42)2~52(32+z‘)‘~—1 2(2°4-1%)% we have, -
for four sets of three square numbers in arithmetical progression,
(8%=-2.8.1—-12)2, (8-}-17), (84-2.8.1-=12)%, com. diffi=4.8.1(8~1%)=—0,
(1%=-2.7.4=-42)%, (72-4%)7% (174-2.7.4—-42)2, P70 = AT =0,
5%(3%-2.8.2-27)%, 53(8%4-2%)%, 5%(3°42.8.2-2%)2, 7 7 =5L.4.3.2(3:-2%)==c,
13%(2%-2.2.1— 1%)%, 184221 %, 18%(2°-2.2.1— 12)2 ’=138%4.2 A(2°-1%H=d.

‘Writing for @, b, ¢, d, the squme of their reciprocals, we obtain

657 \ 2 60.89) 2 65.23

@ apr=—
o b= J= (2010 ‘2010 2016/ > (zma)
652 52 65.79> 2 65,47
2= =\ == —l———: y Y
v Lbe=_=\ 5555 —3636 (3696 >0 <3696

65.85\*  [65.35Y"
2, 2+ p— N
i ten=[|= (3000) ~3ooo (3000) 1o 3000) ’

652 65.91\* _ (65.13)?
Pt da= ]= (~—~) —l———: 22}, or ( ___) .
dwrtde= 1=\ 1556/ T1056—\ 3056, 1056

The above values of «, b, ¢, substituted in formula [14], page 14,
will not give 2=65%; the valae of @, thus obtained, will .satisfy
only three of the conchtlons in [&].

Because m?--n?4-2mn=—], and m*}-n*—2mn=[_], we know that
m?nt+=2mn=[ |, which seems to be the base of the general prob-
lem to which these examples belon;)" Substituting g for m,
2rs for n, we have (#*+-¢")"24rs(r*—s’)=[]; an_expression repre-
senting the extremes of three [] numbers in arithmetical progress-
ion, (7'1 i-s*)* being the mean. Multiplying the last expression by
(& Z+sz)", it becomes (12522 (r-82) - drs(1P—s) (r24-57)'=[_].

Writing @, for (7-s%)? we obtain a’+4rs(r*—s")e=]... [€].
Dividing [€] by the square of the coefficient of «, and puttmg a,
for the reciprocal of its coefficient, we get @*2?--qx=[_1, and so on.
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18, Make a*+de=[]...[1], Pa*tex=[]...[2], and
et fe=]... [8] . . . [4]

The solutxon of the above case of triple equality produces a
formula so extensive in its application to the solution of those
Diophantine Problems which require the fulfillment of six or more
conditions, that we are surprised to find that no writer on Dio-
phantine Algebra has given it a place in his work. To the student
Jjust entering upon the study of double and triple equalities, a knowl-
edge of the extent to which this formula can be used will be found
invaluable; but he will search in vain in the works of EuLregr,
Barrow, Lagraner, or any of those authors who have written on
this subject, for the information he requires.

Solution. Let a*x*+de=—m*x?; then will =g " [4]

Puatting this value of @ in [2] and [3], and multiplying by (m*—a?)?,
they become, respectively,

O+ (mP—ar)de=] . . . [5], and d*-+(m*—a?)df=7...[6].
These are [ ’s if m__+a, but either of these values of m 1endels
« infinite.. If n-« be substituted for s in [5] and [6], we have
V- 2aden—-den*==] . . . [7], and S@*+2adfn-t+dfn*=]... [8].
2d(bp—ae)

p—de [91-

Placing this value of 7 in [8], & multiplying by (p*—de)? we get
Epr--4abfp*-F (4atef4-40°df—2ctde) p*4-4abdefp+-Ede’ =[] . . . [10]-

fp—cde for the root of [10], and reducing,

Taking bd—anp for the root of [7], we have n—

2a0
Assuming cp*— v

@B —a’cte—b*d

d
S - [11]. Flom [4], o

23 Or,

—a?
since mP=—a*4-2an--n?, :):::———n(n F2a) <o [12].
Substituting for » in [12], its value, shown in (9), we find
(p*—de)? .
4])(@])—|—bd)(bp—|—ae) +[18]. If in [13] we
substitute for p, its value, taken from [11), we shall obtain =
{ (a0 f—atcte—bicid)*—4atbic'de $* - [14]
Barbc(a*bf-acre—b*c*d) (a*0*f + a*cle-brctd) (a*bf—a’cte—4- bic? d) ’
a, b, ¢, d, e, f, having any values; but if their relative values be
such as to make @ negative, it solves the triple equality
i —de=[_], bx'—ex=["], cx*—fr=[]
Therefore the foregoing work is a solution of the formulse
arritde=["], %?F+ex=[ |, cx*+fe=[],
the double sign being taken disjunctively.
Writing a for d, b for e, ¢ for f, in [4], it becomes
a2 ax=[], bx*+dx=[], c*x*-ca=[], and [14] is transformed to
ab—ac—be)—4abct
Scobc(abiftc~bc)(ab—ac-H)c)(ctb—]—ac bc) *+[15]; the
same as formula [15], p. 14.
If @ be negative, the sign of the second term in each of the three
formulee above will be changed ; therefore, when
—A (ab—ac—bc)*—4abe *
“Babe(ab—ac—be) (ab—ac—+be) (ab-+uc—be)

s+ [16], (the
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same formula that [14], p. 14., ought to have been), it fulfills the
conditions @ —ax=[ ], b*x*—bx=[], cte’—ca=[_].

 [14] solves all cases of triple equality when the terms contain-
ing #* have the positive sign, and each of the three formulwe consists
of two terms only; one of which is some square multiple of a?
and the other any multiple of a.

We subjoin a few of the cases, in all of which the double sign
must be taken digjunctively, because by this formula only one of
them can have place with the same coefticients of 2* and «; but
which of them is to be used depends upon the relative values of
these coefficients.

@ an= |, b**tba=[], a’tcx=[_].
@t A=be="], b'+cx=], r’Fax=.
@t mex—=[_], b rar=[], c*Pibr=[].
@it an=—_|, bx*tax=_], ca’taw=[_]
@’ (b--c)v=[], b~ (a-tc)e=], c*w’==(atb)r=]
@2t (a--b-+c)a=[], b®*==(a-t+d+4c)r=[1, 2’ (a—-bf-c)r={_].
@4 (b—cyre=["], b*w==(a—c)r=[], c¢a’=(a—0)r=].
@ (a-+b—-c)x =[], Bx*x=(b-+c—a)e=[], ¢'w’*=(a-|c-b)a==[].
(@i ce=[], (@*-c*)Fbe=), (b*4-c*)2’Ear=[].
0. (@0 +ttar=[], (a*+b*4-c)x*be==[],
(-0 ) Azcax=[_].
11, ()i dca=[, (¢*—c)a?+ba=[_), (O>—c")a’d=ax==].
12. @b =(a-}-b)a=], @*cat+(a+c)r=], O***=(b+4c)e=[].
13. a@*tmax=[_], Fattnde=[], cx*tpcr=[
14, @a*=m(a--0+4-c)e=["), V*x*-tn(a--b-|Fc)a=],
¢t pla+-b4-c)e=[]
15. @b =+(a—b)a=[], @*b*x*+(a—c)e=[], @***d=(b—c)oe=[_].
16. @bt aw=[ ), ¢*0*crt=br=["], a*0*c**tca=[].
17. @0’ =(a~+0)e=[1], a*b*c¢a*+(a+c)e=],
@Bt 4 (O e)ae==[_].
18. (a-Fd)atax={], (a-tc)*Ptbr==], (b4e)x*dca=]
19.  (a+0)at(a+b)e=], (a+ ¢)*?+t(a+c)e=[],
(b+-c)y*a? =(b-c)e=[l. ‘
20. (a—b)2*+=(a-+bya=], (a—c)Px(a+c)e=], (b-—c)a?=(d
+e)e={13 a, b, ¢, d, ¢, f, m, n, p, having any values, except in 9,

1

10, 11, where they must be such as to make the coeflicients oi’ ||
Formula [15] solves No. 1, of the above cases. To solve No. 2,
substitute & for d, ¢ for ¢, and « for f, in [14]; then will
o { (@O —a—D P —4 b 32
o= 8?0’ cH @b —a* P —bc?) (P —a -0 ) (BP0 a*cP—bc?) RN
To solve No. 3, write ¢ for d, @ for e, b for f, inT14]; then
{ (@P—@P—b* Y —4a*D’e V* ‘
T 8a' (&} 3——66302—6903)(662634—663(39——6263)(66203—@302+6203)‘ FoLsl
To solve No. 4, put a for d, ¢, and f, in [14], and
— { (B—a*—b’c? ' —4a*h’c * o
T 8a 0 (P —a’—b’c) (D @’ P— 0 (@O —a’ - b7t “[19]
To solve No. 5, write d-}-¢ for d, a-}-¢ for ¢, and a-}-b for f, in
[14]; then we shall have

e R a ol S

S,

- { [@*b*(a+0)—acH(atc)—*c(bh+c¢)]*—
T 8arbr e @’ (a+-b)—a’cH(a—t-c)—b*cH(b+-¢) ] [ *0* (a+-b) —arc*(a-¢)
4a*b*cHa+c)(b--c) b2 -

+0%c*(b+-c) ). [*0*(a+0) +atc*(a+c)—b* ¢ b+ ¢)] ) ‘ [20]- ,

@
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2402 A Ad A8 Actdv_ A, 27
avait-dix 64a*b*cto? + 8a*b*c*v 64a2b*cte* @(A 8vtdv),
b -ete—($)*(A2-8acev), c*ufte=(R)*(A28a**v); and
since each of these three binomial factorsis a [,
a4 dte=(§)*(A’|-8b*c*dv)=(8)*(1172597299721691775449-
94691400724)2=[],
8 (A2-8atcer) =($)? (117860139070‘%843690485817-
32007492)=[],
Pt =) (A2 8a?b* v )=(4)*(367665873141977567378862-
842430140)*=[].

24.  To find # numbers, such that if the square of the first be
added to the second, the square of the second to the third, the
square of the third to the fourth, ....... and the square of the nth
to the first, the respective sums shall all be squares.

Solutton. (1) For two numbers, », y; then a’}y=[], and
y*-Fa=]. The first expession is a square when y==2x--1, and the
P 2pq+59*

q p—4g?
(2) For three Nos., «, y, z; then a*+y=["], y*++=[], &t+a=[].
The first expression is a square when y=2z--1, the second when

. 2
z==4x-}-3, and the third becomes 1622252+ 9= = (—ﬁm—S) .
q

6pg-+25¢*,
p—16¢*
y=2x-F1, z=4x--3, w~—8.1:~{—7, the first three expressions will be

p 2
squares, and the fourth becomes 6424 113x-4-49=["|= ([i@—*{) .

14]J(’+ll‘)7 > and thence vy, 2, 1w, are known.
p—64q*

(4) For n numbers, we perceive now the derivation of the suc-
cessive assumptlons of Y, %, w, &c., from that immediately ple-
ceding, viz., multiplying the first term by 2, and the second by 2
and (dempr 1, as follows: -0, 21, 4.L—L3 8x—7, 16115,
32231, &c., in each of which assumptions, the coeﬁicient of the
first term is a power of 2, and that of the second, the same power
of 2 less 1. Now, putting x=number of quantities less 1, the last
assumption will be 2‘17&—[—2N 1,=the value of the nth quantity, &
the square of this —}r=2%Np2 |- (2*N+1—2¥1 4 1) (2N —1)’=[ =

N N N.
(Z)—z:— (21 ~——1)> ; then will @= 2pq (2N —1)+(2% -:1“2 +1+1)q

q : P22
and thence all the remaining quantities become known.
6pg—+25¢°

2
, then =

second becomes 4a?--5u-H1=["]=

Reducing, = (3) For four numbers, @, y, 2z, w; taking

hcducmg, p==

For three numbers, 2, then x= T agreeing with
—16g
y 2
the value of @ in (2). For four Nos., let x=3, then QJZEPZQ'{(;%’_‘Z,
p—oag

agreeing with the value of @ in (8), &e.; in which values of x, p,
¢, may be any numbers that will make the denominator positive.

By putting ¥=1, 2, 3, 4, &c., successively, each supposition will
give a different value of «; thus in fact constituting answers to as
many distinct problems, each perfectly general, and from which
the preceding quantities, v, 2, w, &c., arve readily found.



